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@ Background: Timed Scenarios
@ Semantics
@ Consistency
@ Distance Tables
@ Union of Timed Scenarios

e Necessary and Sufficient Conditions for the Existence of Unions
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Background: Timed Scenarios

Background: Timed Scenarios

@ A formal way of specifying behaviours of a real-time system
@ A timed scenario specifies all the behaviours that:

e share a particular sequence of events;
o satisfy the constraints on the times between events.
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Background: Timed Scenarios

Scenarios: Example

§= (S’C)

§&1=(abcf {1 <5m2<4})
is represented by

0: g
¢ 1:b{7’01§5};
T2 ¢ {02 < 4};
3:f.
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Background: Timed Scenarios Semantics

Semantics of Scenarios

0: g
f 1:b{7‘01§5};
T2 ¢ {mp2 < 4};
3: f.

[£1]: the set of behaviours that are allowed by ¢&;

[l ={(ab)bt)(cb)fb)| b<t <b<BA
h—fh <5A
b—1f < 4}
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Background: Timed Scenarios Semantics

Semantics of Scenarios

0: a
¢ 1: b {1 <5};
! 2ZC{T02§4};
3:f.

Fori<j: l‘,’j:tj—fi
[£1]: the set of behaviours that are allowed by ¢;
[1] ={(a t)b t)(c.L)(f,t3) | <t <t <A

ot <5A
o <4}
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Background: Timed Scenarios Consistency

Consistency of Scenarios

A scenario ¢ is consistent iff [¢] # (); otherwise it is inconsistent. J
Example:
1: b {91 <5}; 1: b{m1 >2}
SPY c {702 < 4}; 2 12 ¢ {rp > 2);
3: f. 3: f{r3 <2}
&4 is consistent, while & is inconsistent.
Neda Saeedloei (Towson University) Unions of Timed Scenarios December 4, 2024 7148



Upper and Lower Bounds on Time Differences

&: a consistent scenario of length n
Foro<i<j<nm
ms = min{tf | B € [¢]}

Mi§ = max{t} | B € [¢]}

If there is no upper bound for some / and j, then M,f. = 0.
Obviously 0 < mj; < t; < M < oo.
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Background: Timed Scenarios Consistency

Theorem

Foro<i<j<k<n:

m,'j-l-/ij

mi + mpy < Mp <
U k= Ik_{M,’j—ijk

}SMikSMly'Jr/VIjk
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Background: Timed Scenarios Distance Tables

Distance Tables

Another representation for the constraints of £

0: a
¢ 1: b{m1 <5}
" |2: c{me <4}
3:f.
DE
|1 2 3
01](0,5 (0,4) (0, 00)
1 (0, 00) (0, o)
2 (0, o0)
b1=0
hot =5
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Background: Timed Scenarios Distance Tables

Stable Distance Tables

‘ 1 2 3
0(,5 (0,4) (0,c)
1 (0, ) (0, 00)
2 (0, 00)

A distance table of size n is stable iff
@ i< hyjforall0<i<j<n
e forall0<i<j<k<n,

lj + hi
h,'j + ljk

/ij+/jk§//k§{ }Shikﬁhij‘f‘hjk (@)
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Stable Distance Tables

0: g
¢ 1: b{r <5}
"ola2:e {102 < 4};
3: f.
D¢t is not stable 01,5 (0,4) (0,00)
1 (Ov OO) (O’ OO)
hot + h2 < hoo 0 0 o)
5+0¢4 ,
lot + h12 < hoz
O+oodL4
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Background: Timed Scenarios Distance Tables

Stabilizing Distance Tables

li+ I < I < { %tf;’k } < hix < hj + hy @)
i+ ]

li + I > I — I == lj + I (R1)

be > I+ B — Iy == b — hye (R2)

e > B+l —> b = I — by (R3)

i+ hie > hie — B = hi — Iy (R4)

hy+ I > hy —> hy = hie— (R5)

hic > hy + hi — hic == hy + hye (R6)

Apply iteratively!
@ Low values increase and high values decrease.
@ Termination: either (2) is satisfied or table becomes invalid i.e., /; >
hj;, for some i < j.
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Background: Timed Scenarios Distance Tables

Stable Distance Tables

D¢ is not stable

hot + h2 < ho2
5+04£4

hot == ho2 - 2 =4-0
lo1 + h12 < hoo
O+ood4

h12 Z=h02-/01 =4-0
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0: a
€ 1: b{m <5}
2: c{r2 <4}
3:f.
D& 1 2 3
0] (0,5 (0,4) (0,00)
1 (0, ) (0, )
2 (0, )
DY 1 2
0] (0,4) (0,4) (0,0
1 (0,4) (0, )
2 (0, )

Unions of Timed Scenarios

December 4, 2024

14/48



Background: Timed Scenarios Distance Tables

Properties of Stable Distance Tables

@ The stable distance table is unique for a given scenario.
@ If D¢ is stable, then each constraint in the table is tight:
lj = mf and h; = M.

@ A stable table includes all the constraints that are implied by the
initial set of constraints.

@ Semantically-equivalent scenarios have the same stable distance
table.
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Background: Timed Scenarios Distance Tables

Optimized Scenarios

@ Minimal set of constraints
@ Removal of any of the constraints would change the semantics
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Background: Timed Scenarios Distance Tables

Explicit Constraints

If ¢ = (€,C) is an optimized scenario, then the members of C are the
explicit constraints.

0:a;
n |1:b{m >6};
2:C{7'02§8,T1221}.

| 2
01(,7) (7,8)
]

® D¢ = {701 > 6,701 < 7,702 > 7,700 < 8,712 > 1,742 < 2}
@ C = {1 > 6,702 < 8,72 > 1} is the set of explicit constraints of .
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Background: Timed Scenarios Union of Timed Scenarios

Motivation

@ {andn:
e two scenarios of length n with the same sequence of events, &£
® Vo<icjen I N 17 # 0 (all intervals intersect)

Intersection

@ The intersection of £ and n (£ N 7)

@ a scenario whose sequence of events is £ and

DEM(i, j] = (max(mf, m), min(M, M]))

o [¢nn] =[N [n]

For example:

( == )

S n 3 "
m m) M My
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Background: Timed Scenarios Union of Timed Scenarios

Motivation

[€nn] =&l nnl

For union, it is not always the case that

[Eun] =g unl

Which makes it more interesting!
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Background: Timed Scenarios Union of Timed Scenarios

Combination (Quasi-union)

@ {andn:
e two scenarios of length n with the same sequence of events, £
® Vo<icjen I N 17 # 0 (all intervals intersect)

@ The combination (quasi-union) of ¢ and n (£ U n)
e a scenario whose sequence of events is £ and

o DEUi, j] = (min(mj, m]]), max(M;, M}))

For example:
(. ({ \ )
\ \ ] ]
¢ i 3 "
m;  my M; M;
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Background: Timed Scenarios Union of Timed Scenarios

Combination (Quasi-union): Example

0:a; 1 2
‘5 1:b{7—01 §4}v 0 (0, 4) (Os OO)
2:cC 1 (0, 00)
0:a; 1 2
ni1:b; 0| (0,00) (7,)
2:¢c{r2>7}. 1 (0, )
0:a:; 1 2
EUn 1:b; 0| (0,00) (0, )
2:¢ 1 (0, )
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Background: Timed Scenarios Union of Timed Scenarios

Combination (Quasi-union)

[€lVnl € [€vn].
What about

[§un] <[]V [n]?
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Background: Timed Scenarios Union of Timed Scenarios

Zigzagging Behaviours

@ ¢ and n: two consistent scenarios, such that
@ (U nis defined.

[§ wn] = [€] U [n] U Z(&,m), where
[[5]] N Z(f,?’]) = ( and

We call members of Z(¢,n) zigzagging behaviours.
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Zigzagging Behaviours

For example:

n n
My m, M; My

tj € 5\ 1]

by € /Z/ \ /IEI
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Background: Timed Scenarios Union of Timed Scenarios

& and n: two scenarios of length n, £ W n defined.

If behaviour B € Z(¢,n) is such that

(5 e [\ e [\ (£ KVj#])

Then we say
B4 zigzags through ij and KI.
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Zigzagging Behaviours: Example

0:a; 1 2
§l11:b {101 < 4} ; 01 (0,4) (0, c0)
:2 . C. 1 (()s CXD)
0:a; 1 2
ni1:b; 0| (0,00) (7,)
2:c{r2>7} 1 (0, c0)
0:a;] | 1 2 B? = (a,0)(b,5)(c, 6)
1:b;) 01(0,00) (0,00) 45 f
2:c.| 1 (0, ) N
: oz = 6 € Igy \ Iy
£Un BB? zigzags through 01 and 02.
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Background: Timed Scenarios Union of Timed Scenarios

Union

If Z(&,n) =0, £ Wn becomes the union of £ and 7.
[gun] =[&luln]
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Background: Timed Scenarios Union of Timed Scenarios

Union: Example
y=¢un: W =[un

0:a;

1:b;
€.2:C{7'12§6};

3:d {m3 >3}

0:a;

n 12b{7‘01§4};
2: ¢ {m2 <6};
3:d.

0:a;
1:b;
S9N 5 ol < 6)
3:d.
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1 2 3
0| (0,00) (0,00) (8,00
1 (0,6) (0, )
2 (0, )
1 2 3
0| (0,4) (0,6) (0,00
1 (0,6) (0, 00)
(0,
‘ 1 2 3
0] (0,00) (0,00) (0, )
1 (0,6) (0, )
2 (0, c0)
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Background: Timed Scenarios Union of Timed Scenarios

Combination (Quasi-union)

Theorem

Leté = (&,Cq) andn = (€,Co) be two optimized scenarios of length n
such that £ U n is defined.

If Z(&,m) # 0, then, there exist

a constraint o € Cy of the form 7 ~ a
and
a constraint 3 € Co of the form riy ~ b (ij # ki)

such that o ¢ Co, and 3 ¢ Cy.
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Background: Timed Scenarios Union of Timed Scenarios

Theorem: Example

0:a; 1 2
& | 1:b{mor <4}, 01(0,4) (0,00)
2:¢ 1 (0, x0)
ca; 1 2
ni{1:b; 0| (0,00) (7, )
210{7’0227}' 1 (0,00)
Z __
B* = (a,O)n(b, 55)(07 6) Z(En) £ 0
o1 =5¢€ Igy \ I therefore,
t02:6€/§1\l7071 (,Y:TO1S4,5:7-0227
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Background: Timed Scenarios Union of Timed Scenarios

Combination (Quasi-union)

Recall the theorem:
Let ¢ = (&,C1) and n = (€,C>) be two optimized scenarios of length n
such that £ U 5 is defined.

If Z(&,n) # 0, then, there exist

a constraint a € Cy of the form 7; ~ a
and
a constraint g € Co of the form 7 ~ b (ij # ki)

such that o ¢ Co and 3 ¢ Cy.

The theorem provides a sufficient condition for the existence of union:
if ¢ = (€,Cy) and n = (&,C») do not contain such an « and 3, then

Z(&mn) =10
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Background: Timed Scenarios Union of Timed Scenarios

Combination (Quasi-union)

Recall the theorem:
Let ¢ = (€,Cy) and n = (&,C2) be two optimized scenarios of length n
such that £ U n is defined.

If Z(&,n) # 0, then, there exist

a constraint a € Cq of the form 7; ~ a
and
a constraint g € Co of the form 7,y ~ b (ij # ki)

such that o ¢ Co and 8 ¢ Cy.

But the condition is not necessary, in general:
if £ and n contain such an a and 3, then Z(£, n) might be empty.
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Background: Timed Scenarios Union of Timed Scenarios

Combination (Quasi-union)

But the condition is not necessary, in general:
if £ and n contain such an a and 3, then Z(£, n) might be empty.

0:a; 1 2
¢1:b; 0| (0,00) (7,00)
2:c{r2>7}. 1 (0, >0)
0:a; 1 2
ni1:b{r <8}; 0] (0,8 (0,10)
2:c{mp <10}. 1 (0,10)

a=T102>7,in¢
=101 <8,inn

However, no behaviour in Z(¢, ).
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Necessary and Sufficient Conditions for the Existence of Unions

Z_pairs

Eandn: £ € n,n < & and £ U n defined
a=rT1;~aing(notinn) =1 ~binn(noting) (i #kVvj#l)
«a and g form a z_pair if one of the following conditions holds:
@ 0<k<i<j<l<nand

(a) azrijza,B:Tk,zb,m,’-j?<a,m§,<b,or
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Necessary and Sufficient Conditions for the Existence of Unions

Z_pairs

Eandn: £ € n,n < & and £ W n defined
a=Tj~aing(notinn) =7 ~binn(noting) (i #kVj#l)
a and g form a z_pair if one of the following conditions holds:
@ 0<k<i<j<l<nand
(a) (y:r,/za,ﬁszlzb,m}/?<a,mﬁ,<b,or
b) a=m>aB=mm<bml <ab< M;,, and additionally
M + a+ M;*" > b, or
(c) o =1 <a B=my>b a<M], m, < b, and additionally
mi”" + a+ mi*" < b, or
(d) (M:T/jga,ﬂ:Tk/Sb,a<M?-7,b<ME/.

[/

i J i J i J
) o e o/\o

R SR G I,

k Ik L ok——
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Necessary and Sufficient Conditions for the Existence of Unions

Z_pairs

Eandn: £ € n,n < £ and £ U n defined
a=Tj~aing(notinn) =7 ~binn(noting) (i #kVj#l)
a and g form a z_pair if one of the following conditions holds:
@ O<i<k<j<l<nand
(@ a=m>aB=14>b ml<a, mt, < b, and additionally
mi" —a<b-— mﬁ}””’, or
(b) a=r7;>a,B =1y <b,ml<a, b< My, and additionally
a+ M;*" > mi”" + b, or
() a=m;<a B=m>b,a< M/, m, < b, and additionally
a+ mp®" < M + b, or
d)a=m<apf=m<ba< M,7 b < M,f,, and additionally
M;*" —a>b— M.
i J
e e
k /
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Necessary and Sufficient Conditions for the Existence of Unions

Z_pairs

Eandn: £ € n,n < & and £ U n defined
a=T1;~aing(notinn) =1 ~binn(noting) (i #kVj#l)
« and g form a z_pair if one of the following conditions holds:
@ 0<i<j<k<l<nand

(@) o =1 >a,B=1q>b m]<a my<b,or

(b) a=7;>a B=my<b ml<a b<My,or
(©) a=rj<aB=m>b a<M m<b,or
(d) a=m<aB=m1<ba<M, b<M,.
i J i J
./—\ ° ./\.\/O
k / k /
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Necessary and Sufficient Conditions for the Existence of Unions

The conditions capture all the possibilities for /] \ I,? #0and If,\ I}, # 0,
to guarantee “there is room” for behaviours to zigzag through ij and k. )

The additional conditions specify certain relations that must hold

between various minima and maxima in £ and » for there to be
zigzagging behaviours.

fi
( ( ) )
¢ n ¢ 0
mj mj M M;
twi
( C N
myg mi, M/E/ My
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z_pair Might Not Be Between Explicit Constraints

:a
b {01 > 1}
¢ {702 < 2}
- d

W N = O

£

0:a

1:b{7’01§1}
2:C{T12§1}
32d{7’1324}

Ul

@ 790 < 2 of £ and T3 > 4 of i are different explicit constraints.

o But they do not form a z_pair:

case (2)(c) of definition of z_pair:
However a=2 £ Mg, = 2.
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Necessary and Sufficient Conditions for the Existence of Unions

z_pair Between Implied Constraints

0:a ‘ 1 2 3 0:a ‘ 1 2 3

1:b{7_0121} 0(1’2)(172)(1700) 11b{7’01§1} 0(071)(072)(4700)
220{7'02§2} 1 (0’1)(0700) 210{7'12§1} 1 (071)(4’00)
3:d 2 (0,00) |3:d {r13>4}|2 (3,00)

13 n

102 > 1 of £ (an implied constraint) and 713 > 4 of n form a z_pair.
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Necessary and Sufficient Conditions for the Existence of Unions

A Necessary Condition for the Non-existence of Union

no union = zigzagging = z_pair

Theorem

& and n: two scenarios of lengthn, € £ nandn Z &,
& U is defined

If B* € Z(&,n) zigzags through some ij and ki, then
there exist o = 7;; ~ ainéand 3 = 1y ~ binn
such that

o and g form a z_pair.
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Necessary and Sufficient Conditions for the Existence of Unions

Consequence of the Theorem

no union = zigzagging = z_pair

if there is no z_pair between scenarios ¢ and ), then Z(¢, 1) = 0,
therefore £ U n exists. J
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A Sufficient Condition for the Non-existence of Union

Z_pair = zigzagging = no union

Theorem

& and n: two scenarios of lengthn, £ Z n,n Z &
& U is defined

If there are

a=T;~ain§andj = 1x ~ b inn such that o and 8 form a z_pair,
then

there is a B € Z(&,n), such that B* zigzags through ij and k.
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Necessary and Sufficient Conditions for the Existence of Unions

The Consequence of the Theorem

Z_pair = zigzagging = no union

if £ and n have constraints that form a z_pair, then £ U n does not exist.
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Necessary and Sufficient Conditions for the Existence of Unions

Example
0:a;
1:b{m1 >3}
2:C{7‘02§7}.
£ U
0:a; ‘ 1 2
Un|1:b; 0| (0,00) (8,)
2:c{m2 >3}. 1 (0, 00)

B = (a,0)(b, 1)(c.4) € Z(¢,n):

5 =1-0=1¢l,andty =4-1=3¢ [,

According to the theorem z_pair exist: &« = 91 > 3inand g =12 > 4
in 7.

Union does not exist.
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Summary of the Results

The existence of z_pairs is both a necessary and sufficient condition for
the non-existence of union:

Z_pair = zigzagging = no union
Therefore:

No z_pair = union exists
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Necessary and Sufficient Conditions for the Existence of Unions

Conclusions

@ We investigate the conditions under which [¢] U [n] can be
represented by a single scenario, namely the union £ U .

@ Our investigation reveals that in the presence of zigzagging
behaviours the constraints of £ and n must satisfy certain additional
criteria.

@ Based on this observation we formulate a sufficient and necessary
condition for the existence of the union.

Neda Saeedloei (Towson University) Unions of Timed Scenarios December 4, 2024 47/48



Necessary and Sufficient Conditions for the Existence of Unions

Thank You!
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